Abstract: High-lying doubly excited states of He and H − are studied and energies and intrinsic characteristics of their wave-functions are reported. Results for energies of 3 P o and 1 D doubly excited states associated with the hydrogenic thresholds up to N = 20 are presented and compared to available data from the literature. The classification of these doubly excited states by approximate quantum numbers is reexamined.
Introduction
Doubly excited states of atoms have remained an active field of research due to their fundamental importance as the prototype for investigating correlations of two excited electrons [1] [2] [3] [4] [5] [6] [7] [8] [9] . The simultaneous excitation of both electrons and the increasing tendency for liberation, from the central Coulomb field of the positive ion, enhance the importance of the correlation between them. The independent particle model cannot describe doubly excited states, not even qualitatively, because of the importance of electron-electron repulsion in these sates. Already in the sixties, it was realized that measurements on these states could not be interpreted by the independent particle model [10] . An assignment of a typical hydrogen-like product configuration |nℓn ′ ℓ ′ ; 2S+1 L π is not valid for most of the doubly excited states and especially for n, n ′ ≥ 3. The description of doubly excited states still poses a challenge to the investigation and understanding their structure. A well known reason is that a large number of con-figurations is mixed together due to the electron-electron interaction, even for modest values of the corresponding principal value number. In this paper, following our previous work [11, 12] , we examine doubly excited states of He and H − corresponding to 3 P o and 1 D. These states are not accessible by one photon absorption from the ground state. However, their detection is allowed with the use of the currently advanced experimental techniques. Our aim is to present results of accurate wave-functions of doubly excited states and their energies, in order to reveal important information about their constitution, which may prove useful in future theoretical and experimental investigations.
The paper is organized as follows. In Section 2 we discuss the background regarding the classification schemes under consideration. In Section 3 we present the methodology of our approach and in Section 4 we present our results. Finally Section 5 contains the summary and conclusions. The calculation of auto-ionization widths of the doubly excited states described here, is possible (see [13, 14] and references therein) but it is outside the scope of the present work.
Approximate quantum numbers and classification schemes
As already mentioned in the introduction, the single-particle picture is not adequate to describe doubly excited states accurately. Since the calculation of doubly excited states by Cooper et al. [10] , a different description, the so-called "plus-minus" classification was used, in which the 1 P o states of Helium lying below the He + (N = 2) threshold were described as linear combinations 2snp ± 2pns. Thenceforth, several different classification schemes have been developed [9] . Doubly excited states are usually classified by approximate correlation quantum numbers. The most commonly used are the doubly excited symmetry basis (DESB) quantum numbers (K, T ) derived from a group theoretical model by Herrick and Sinanoglu [15, 16] . The success of this classification scheme is naturally limited and, alternatives have been proposed in order to improve the overlap between the most exact wave-functions and those following an algebraic way of identification.
The DESB classification
In order to formulate a realistic description of the states lying in the energy range of double excitation, we set up a linear transformation within the Hilbert space of the eigenvectors |nℓn ′ ℓ ′ ; 2S+1 L π , which provides the "doubly excited symmetry basis" (DESB) proposed by Wulfman [17] and Herrick and Sinanoglu [15, 16] . This new basis set is characterized by the eigenvectors Φ
In the energy region below the ionization threshold of the hydrogen or hydrogenlike atom defined by N, the DESB states form a series characterized by N and n, with N ≤ n < ∞. T is restricted to the integers 0, 1,..., min(L, N − 1) and K= ±(N − T − 1), ± (N − T − 3), ..., 1 or 0 for each value of L. Moreover if π = (−1) L+1 then T > 0. Let us recall the meaning of K and T . The quantum number K is proportional to r < cosθ 12 , where r < refers to the inner electron. For the different series cosθ 12 is in general negative if K > 0, and positive if K < 0, and has almost opposite values for K and −K. Then a positive value of K corresponds to a position of the electrons on the opposite sides of the ionic core, tending to a decrease of repulsive interaction. On the other hand, a negative value of K corresponds to electrons on the same side of the core: the repulsion is stronger and the energies of these states is higher. The number T 2 is proportional to the square of L. r > = ℓ 1 . r > . It describes the relative orientation of the orbits of the two electrons. If T = 0, the two orbits are in the same plane.
The DESB configurational mixing is given by:
where D
KT Lπ
N ℓnℓ ′ is proportional to an appropriate 9-j vector coupling coefficient:
where
. As Herrick and Sinanoglu have shown, K and T are rather good quantum numbers, although not exact. They are easily identified for each state. Eigenstates having the same N, K and T form a Rydberg series. Although n is not a very good quantum number, it is, in many cases, sufficient to characterize a higher component of the series of doubly excited states.
We will also retain here the quantum number A of Lin [4] in our classification. A is not independent of K and T and can take the value ±1 or 0 depending on the presence of a node (antinode) or not at r 1 = r 2 . It is given by:
Feagin and Briggs [18] as well as Mølmer and Taulbjerg [19] found that A is equivalent to the eigenvalues of an intrinsic symmetry operator of two electron systems. In general we will follow the notation N (K, T )
A n for the state in a series, with the quantum number n of the outer electron starting from N or N + 1 depending on the series. Note that for intrashell states A is always 1.
The FT scheme
It has been shown that DESB functions in general lack sufficient radial correlation and some of them lack sufficient angular correlation [11, 12] . It is obvious that screening, for example, is not included in the expansion in equation (1) . Thus linear superposition of DESB functions is needed, in general, in order to give a good description of doubly excited states. Herrick, as well as Lin [1, 4] , argued that accurate wave-functions for doubly excited states can be constructed as:
where N ≤ n 1 and n is within the range of n 1 . The DESB states are chosen so as to diagonalize an operator, which describes the angular correlations. Thus the corresponding distribution in θ 12 should be largely unaltered by the above superposition of equation (4). The limited validity of the (K, T ) classification scheme has been pointed out by many authors. A mixing of the DESB functions is needed to bring the first order representation of the wave-function in close accordance with the full configuration-interaction wavefunctions. A proposal by Komninos et al. [12] extends and revises the (K, T ) classification scheme of Herrick and Sinanoglu. Instead of K, a new quantum number F appears to be a better label for the classification of doubly excited states. T remains a rather good quantum number but K should be replaced by:
The range of F is:
We do not associate F with DESB functions directly, although this number depends on N. Recall that the values of K also depend on N. An appropriate representation of the wave-function of a doubly excited state can be expressed as:
where N ≤ n 1 ≤ n 2 and n is within the range of n 1 , n 2 . A possible summation over ℓ and
. This formal expansion of the wavefunction is, by construction, more accurate since it includes single and double excitations from a single DESB function. Despite the fact that F and K differ only by an integer, the expansion of equation (7) is more flexible and sound. It is important to note that the DESB vectors are the same for all atomic numbers Z, but this is not true for the FT-vectors. The quality of the (F, T ) classification scheme depends on the system and the level of excitation and can be investigated by numerical calculations.
The "vibrational" quantum number υ defined as:
was originally used by Herrick [1] to count the number of bending excitations in interelectronic angle θ 12 . In a somehow different approach, Rost et al. [20] presented a physical interpretation in terms of the nodes of the approximate resonance wave-function, identifying υ as the number of molecular elliptical nodes, derived from a molecular orbital description. This number has been also used by other authors in order to make an interpretative description of the complicated structure of the spectra of doubly excited states [21] , and also in order to explain regularities in the photoionization cross section in their energy range and the possibility of their efficient photoexcitation [22, 23] . A, T and the quantum number F satisfy the so-called propensity rules:
which is a semi-empirical rule for the excitation and decay of doubly excited states. Vollweiter et al. [24] , using a molecular model for the description of doubly excited states, tried to accomplish the semi-empirical character of the propensity rules.
Method and calculations
Our results are derived from an approach based on a configuration interaction (CI) calculation [11] . We computed resonance energies by the single diagonalization of the Hamiltonian in a basis of product states of hydrogenic orbitals. The hydrogenic basis set fails to describe the doubly excited states when only one product is used. However they provide a good starting point when approaching a new description and the inclusion of many terms is very satisfactory in many cases. The diagonalization method is in principle cruder but easier to use than more sophisticated methods like numerical SCF approaches and it has been used by many authors [25, 26, 27] . This method has been developed in the framework of the Feshbach formalism and applied to the case of two active electron systems. The eigenvalues of the Hamiltonian matrix give an upper bound to the eigenvalues of QHQ as defined by O'Malley and Geltman [28] . Our approach is a bound-state like method and can be used to obtain autoionizing levels without any explicit construction of the Q operator. The basis functions Φ i (γLSπ) = |nℓn ′ ℓ ′ ; 2S+1 L π are the properly symmetrized products of hydrogen-like functions: r 2 ) representing the eigenfunction of the total angular momentum. The configurations are defined so that n ≤ n ′ . When n = n ′ , then ℓ ≤ ℓ ′ . In the above equation R nℓ (r i ) is the radial solution of the hydrogen atom with nuclear charge Z. For given n, n ′ , L and π all possible values of ℓ and ℓ ′ can be taken into account. These functions are used to evaluate the matrix elements of the non-relativistic Hamiltonian:
The eigenstates Ψ ν of this matrix are the wave-functions of the states of our interest. The corresponding eigenvalues E ν are the energies of the states. Ψ ν has the form:
In accordance with the previous paragraphs, N defines the corresponding hydrogen-like ionization threshold. It is the exclusion of the n, n ′ = 1, ..., N − 1 which leaves the Ψ ν in Q-space and allows H, rather than QHQ to be used in the variational principle. However the use of the finite basis Φ i in order to represent an infinite dimensional space introduces errors, which become increasingly large for the highest states. Therefore we consider only states which are stabilized, as the number of basis functions increases.
The evaluation of the exactness of the approximate quantum numbers K and T is done by projecting the variationally calculated wave-functions of eq. (12) onto the DESB function of eq. (1):
The squared coefficient α ν (nn ′ ; KT ) gives the probability of finding a doubly excited state in the corresponding DESB function, and the sum:
gives the fraction of the contribution to the wave-function of DESB functions with common K and T quantum numbers. The characterization of a doubly excited state by individual K and T numbers is done by selecting the larger scalar product of eq. (14) . The projection of the wave-function Ψ ν onto the "F T " vectors is done formally by a summation of the squared coefficients α ν (nn ′ ; KT ) for all triplets of n, n ′ and K, which give a common value for the quantum number F :
In this summation F is kept fixed, but K can take several values, since its range depends on N ′ =min(n, n ′ ). Therefore, we obtain the contribution of terms having more than one values of K to the sum, as Table 2 Purity of states in the Herrick-Sinanoglu (K,T) scheme and in the (F,T) scheme. The upper line is P N (F T ) of eq. (15) and the lower line is s P N (KT ) of eq. (14) . The (F,T) labels are omitted. Compared to He, in H − both schemes lose accuracy faster, as N increases.
Mean values and geometry
The classification scheme of doubly excited states is strongly associated with their correlated motion. The main characteristics of this motion are given by probability densities and average values. We will connect this classification with the mean values r 1 and r 2 as defined by Komninos et al. [29] : 
Here ρ(r 1 , r 2 , cosθ 12 ) is the exact electron density of the state of interest and ρ( r 1 , r 2 , cosθ 12 ) is the density that results if r 1 is fixed at the average value r 1 and the angular dependence on θ 12 is integrated. We will also consider cosθ 12 which is calculated through: (14) and (15) . Black(Blue) lines correspond to the (F, T ) projection and Gray(Green) lines correspond to the (K, T ) projection.
in the geometrical characteristics of the many electron wave-functions [30] . Angular correlations are identified straightforwardly by their sign to the angular distribution of the electrons.
Results and discussions
In this article we consider doubly excited states corresponding to 3 P o and 1 D, particularly those having the lowest energy within each hydrogenic manifold N. For these 3 P o states we have T = 0 while for the 1 D states also we have T = 0. The higher value of K corresponds to these states, namely K = N − 1 for 3 P o and 1 D states. In the (F, T ) classification scheme these two ladder states take the value F = 0. Due to their symmetry both these ladders are characterized by A=+1. An appropriate label for the The accuracy of the CI wave-functions, expanded in a hydrogenic basis set for highlying doubly excited states, was confirmed by comparing the resulting wave-functions and the corresponding energies of 1 S and 1 P o doubly excited states for N ≤ 6 to those produced by other numerical approaches [11, 12] . The transformation of the eigenvectors and their expansion in terms of natural orbitals, instead of the hydrogenics, shows that a large enough configuration interaction calculation yields energies, orbitals and mixing coefficients identical to those produced by numerical MCHF procedures. This confirms the validity of this type of basis set and the same procedure can be applied in the present case. The convergence of the basis set is crucial and depends on the state under consideration. We note that a full CI, within the selected basis set of hydrogen-like functions, is necessary in order to achieve convergence and reliability. The inclusion of single excitations, from a zeroth order DESB vector only, can give inaccurate results, since the missing of some eigenvalues is possible.
We calculated the energies, together with expectation values of some properties, for doubly excited states of He and H − , having symmetry 3 P o and 1 D up to N=20 hydrogenic threshold. In our calculations all hydrogenic product functions have been included in which one of the electrons is represented by a |nℓ function, N ≤ n ≤ N + 3 and the other electron can have any radial quantum number n ′ , N ≤ n ′ ≤ N + 3. Note that hydrogenic product functions with n < N (or n ′ < N) belong to the P-space, which is orthogonal to the corresponding Q-space. The convergence of our basis is excellent since, for example for 1 D state of H − below N=10, an extended CI calculation with more than 1100 basis set gives E=−0.0067283 a.u. The diagonalization procedure is done numerically using standard public domain software such as LAPACK † .
Results for He
For each manifold below an ionization threshold of He + , we report results for the lowest lying resonance states of symmetry 3 P o and 1 D. Our results for energy position of these states are presented in table 1. In table 1 we compare our results to other available theoretical data. To our knowledge there are no experimental data for these states. As we can see, there is generally good agreement for the energy position of these resonance states. In table 2 we give the projection of the calculated wave-function to "KT " and "F T " vectors. It is clear that the FT classification scheme is more accurate than the KT, since the projection is larger to "F T " vectors.
For the 3 P o states under consideration, T has the value T =0. The DESB vector characterized by the value T =1 can contribute to each eigenvector, although it physically describes intershell configurations. We analyzed the contribution of these DESB vectors in each eigenfunction and their contribution does not exceed 1 × 10 −4 . Therefore for 3 P o states T is a rather good quantum number. The contribution to the eigenfunction of states with higher values of K is much more important than those of states with T > 0. A similar procedure is followed for the 1 D states and T is again proved to be an accurate quantum number, having the value T = 0 in this case. An analogous procedure for testing whether T is a rather good number has been performed by Themelis et al. [11] for 1 P o doubly excited states. Characteristics of the corresponding wave-functions are shown in figures 1, 3. In figure  1 we plot the angular probability density, ρ(cosθ 12 ) for some states of these ladders. Note the similarity in ρ(cosθ 12 ) between the two symmetries considered here. For other symmetries, as for 1 P e states, due to symmetry considerations it is constrainedly ρ(cosπ) = 0 while this is not true for the states under consideration here. 
Results for H

−
Our calculations for the doubly excited states of H − are performed in a similar way, just as for He and the convergence of our basis set shows characteristics similar to the previous case. Our results of the calculation are presented in tables 1 and 2, and characteristics of the corresponding wave-functions are shown in figures 1, 3 and 4. In table 1 we compare our results to other available theoretical and experimental data. We see that in this case, there is generally satisfactory agreement for the energy position of these resonance states whenever the comparison is possible. In addition in figure 2 we display results for the quality of the classification scheme (F, T ) for the ladder states of 1 D symmetry. For the ladder of 3 P o states we have similar results. From the results of table 1 and figure 2 it is clear that the (F, T ) scheme considerably improves the accuracy of the description of the doubly excited states of H − in comparison to those of He. The accuracy of the "KT" classification scheme in this case is not satisfactory.
The angular probability density, ρ(cosθ 12 ) for the states of these ladders, has similar characteristics as in figure 1 for the states of He. The variation of θ 12 is shown in figure  3 and of the ratio r 2 / r 1 as a function of N, it is shown in figure 4 . For the states of He this ratio has a behavior similar to the ladder states of H − . However, in the case of H − θ 12 and r 2 / r 1 for both symmetries under consideration, take values that converge faster to their limit. The ionization ladders, described here, reveal similarities to the Wannier two electron ionization ladder (TEIL) states of 1 P o symmetry, as they are identified by Komninos et al. [29] . For the Wannier states, as N increases, θ 12 tends to values close to π and r 1 ∼ r 2 . These two criteria are enough to make the identification of this ladder as the Wannier two-electron ionization ladder of symmetry 1 P o . In the present case the two criteria are well satisfied for either the 3 P o or the 1 D doubly excited states. This is clear by the results shown in figure 3 and in figure 4 where the ratio r 2 / r 1 tends to values close to one, thus exhibiting the Wannier character of these states.
Conclusions
In this work on the properties of In our approach presented here, we do not take into account the contribution of the P-space of the system. This space is constituted by bound and continuum states depending on the system and the degree of excitation. The resonance states described are not isolated. This is true, in a relatively good approximation, only for the lowest intra-shell resonance states, below the low lying ionization thresholds. As the degree of excitation increases, many resonances fall into the energy range of Rydberg series converging to lower level thresholds [36] . The effect of the interaction between manifolds has been examined by Robaux's calculations [26] . For high-lying resonance states the mixing of different manifolds should be small and decreasing as the degree of excitation increases. This is a result of a gradual closing of the accessible relaxation channels of the system and of the vanishing of the inter-manifold interactions. An asymptotic analysis of the matrix element of the coulomb interaction between the members of Q and P space shows that for resonance states having intra-shell character, like those examined here, this interaction becomes negligible, as the degree of excitation increases. The gradual closing of open channels, as the degree of excitation increases, is not expected to have a significant effect on the energy position of these resonant states. Thus, the contribution of the P-space functions to energy position of the high-lying doubly exited states is expected to be negligible.
An examination of the validity of the (K, T ) classification scheme was carried out, as a function of excitation, for the lowest localized solutions of each manifold N. It was established that K loses accuracy as N increases and a more extended number, F , whose numerical value is N − K − 1, represents each state more consistently. F is numerically equal to Herrick's "ro-vibrational" quantum number υ, which emerges from an approximate molecular orbital model [1] . Our results on the validity of the (F, T ) scheme provide a quantitative justification for the decoupling assumptions, particularly associated with this model. It has been observed that F (or υ) is preserved in the mixing of a state to other series and continua [11, 26] . This is true for states when K ∼ N or F ∼ 0, since for high excitation we have different internal symmetries.
